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Abstract 

In this paper, we consider a symplectic basis of the first cohomology 
group and the sigma functions for algebraic curves expressed by a canon- 
ical form using a finite sequence (ai,--- ,at) of positive integers whose 
greatest common divisor is equal to one (Miura [13]). The idea is to ex- 
press a non-singular algebraic curve by afiine equations of t variables whose 
orders at infinity are (ai, • • • ,at). We construct a symplectic basis of the 
first cohomology group and the sigma functions for telescopic curves, i.e., 
the curves such that the number of defining equations is exactly t — 1 in 
the Miura canonical form. The largest class of curves for which such con- 
struction has been obtained thus far is (n, s)-curves ([3] [15]), which are 
telescopic because they are expressed in the Miura canonical form with 
t — 2, ai = n, and a2 — s, and the number of defining equations is one. 



1 Introduction 

In recent years, the theory of Abelian functions is attracting increasing 
interest in mathematical physics and applied mathematics. In particular, the 
sigma functions associated with algebraic curves with higher genus have been 
studied actively. In this paper, we construct the sigma functions for a class of 
algebraic curves for which such construction has not been obtained thus far. 

Let C be a compact Riemann surface with genus g, and H^{C,C) the first 
cohomology group, which is defined by the linear space of second kind diflferen- 
tials modulo meromorphic exact forms. We say a meromorphic differential on 
C to be second kind if it is locally exact. 

We consider a basis of H^{C, C) consisting of dime H^{C, C) = 2g elements 
(cf. [TT], pp. 29-31, Theorem 8.1,8.2) . In particular, in order to construct the 
sigma functions, we wish to construct a basis (symplectic basis) {dui, dri}f^-^ of 
iJi(C,C) such that 

1. dui is holomorphic on C for each i, and 

2. dui o duj — dri o drj — and dui o dvj ~ Sij for each i, j, 
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where the operator o is the intersection form on (C, C) defined by 

/p 
vWip) 
p 

for second kind differentials 77, rj' (the summation is over the singular points of 
?7 and 77', and Res denotes the residue at the point). 

In order to express defining equations of C, we use a canonical form for 
expressing non-singular algebraic curves proposed by Miura |13| . Given a finite 
sequence (ai, at) of positive integers whose greatest common divisor is equal 
to one, Miura [13] proposed a non-singular algebraic curve determined by the 
sequence (oi, . . . , at), which is called (ai, . . . , at )-curve. The idea is to express 
a non-singular algebraic curve by affine equations of t variables whose orders 
at infinity are (ai,--- ,at)- Any non-singular algebraic curve is birationally 
equivalent to some (ai, . . . , at )-curve (cf. [13] )■ 

Klein [9] [10] constructed a symplectic basis of the first cohomology group 
and the sigma functions for the hyperelliptic curves with genus which are 
expressed in the Miura canonical form with t — 2, ai = 2^ and 02 = 2g -\- 1. 
Buchstaber et al. [5] and Nakayashiki [TS] constructed them for more general 
plane algebraic curves called (n, s)-curves, which are expressed in the Miura 
canonical form with t — 2^ ai — and a2 — s. In this paper, we construct 
them for the telescopic (ai, . . . , at)-curves, i.e., the (ai, . . . , at)-curves such that 
for any i {2 <i <t) 

^ e + ■■■ + ^fi, d, GCD{ai, • • • , a.}. 

The class of the telescopic (ai, . . . , at)-curves is equal to that of the (ai, . . . , at)- 
curves such that the number of the defining equations in the Miura canoni- 
cal form is exactly t — \ (cf. [H]). Since the (n, s)-curves are telescopic, our 
curves contain them strictly. Recently, Matsutani [12] constructed them for the 
(3, 4, 5)-curves, which are not telescopic. 

The plan of this paper is as follows. In section 2, we define the (ai, . . . , at)- 
curves. Because there exists no English paper for the (ai, . . . , at)-curves, we 
give complete proofs in Appendix. In section 3, we construct holomorphic 1- 
forms {ditilf^]^ for the telescopic (ai, . . . , at)-curves. In section 4, we construct 
second kind differentials {dri\^^^^ for the telescopic (ai, . . . , at)-curves, and show 
that the set {du^, drilf^j^ is a symplectic basis of the first cohomology group. 
In section 5, we construct the sigma functions associated with the telescopic 
(ai, . . . , at)-curves. 

Throughout this paper, N,N+,Z, and C denote the non-negative integers, 
the positive integers, the integers, and the complex numbers, respectively. 

2 (ai, . . . , ai)-Curves 

Miura [13) proposed a canonical form for expressing non-singular algebraic 
curves. Let < > 2, and ai, . . . , Of positive integers such that GCD{ai, . . . , at} = 
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1. We denote At := (ai, . . . , at) € N\ and (At) := aiN + • • • + OfN, assuming 
that the order of ai,. . . ,at is fixed. For the map vj/ : pj* — > (^At) defined by 
\E'((toi, . . . , mt)) = J2l=i '^i'^i? define the order < in N* so that M < M' for 
M = (mi, . . . , nit) and M' = {m'-^, . . . , m't) if 

1. *(Af) < ^{M') or 

2. \I'(Af) — 5'(M') and mi = m'i,...,mi_i = m^_i,mi > m,^ for some 
i {l<i<t). 

Let M(a) be the minimum element with respect to the order < in N* satisfying 
^{M) = a e (At). We define B{At) C N* and V{At) C N*\B(At) by 

B{At) = {M{a) I a € {At)} 

and 

T/(Af)=={L G N*\B(At) I L^M+N,AI e N*\B(At),iV e N* ^ iV = (0,...,0)}, 
respectively. 

Hereafter, C[X] := C[Xi, . . . ,Xt] denotes the polynomial ring over C of t- 
variables Xi, . . . , Xt. For A C C[X], Span{A} and (A) denote the linear space 
over C generated by A and the ideal in €.[X] generated by A, respectively. Also, 
X^', Af = (mi, . . . , mt), denotes X'^' = X{"^ ■ ■ ■ X"* for simplicity 

For M e V{At), we define the polynomial Fm(X) G C[X] by 

Fm{X) = X^' -X"^ - AatgC, (1) 

{AreB(At)|*(Af)<*(Af)} 

where L is the element of B{At) such that \E'(i) = \l/(Af). We assume that the 
set of the polynomials {Fm \ M G V{At)} satisfies the following condition: 

Span{X^ I N e B{At)} D {{Fm \ M € V{At)}) = {0}. (2) 

Let / := {{Fm \ M e V{At)}), R := C[X]//, Xi the image of Xi for the 
projection C[X] — > R, and if the total quotient ring of R. Then, we have the 
following three propositions. For complete proofs, see Appendix. 

Proposition 2.1 (Miura [13]). 

(i) The set {x^ \ N £ B{At){ is a basis of R over C, where x :~ {xi, . . . , xt). 

(ii) The ring R is an integral domain, hence, K is the quotient field of R. 

(Hi) The field K is an algebraic function field of one variable over C. 

(iv) There exists a discrete valuation Voo of K such that {xi)oo — ai^oo for any 
i, where {xi)oo denotes the pole divisor of Xi (cf.'19l p.l9). 

Let C^* := {(zi, . . . , zt) e C* | /(zi, . . . , zj) = 0, V/ G /}. From Proposition 
2.1 (ii) (iii), C^* is an affine algebraic curve in C*. Hereafter, we assume that C^^ 



3 



is non-singular. For fc S N, we define L{kvoo) ■= {f & K \ (/) + kvoo > 0} U {0}, 
where (/) denotes the divisor of /, i.e., (/) = J^v ^(/) ' ^• 

Proposition 2.2 (Miura [13]). (i) R = U^o L{kv^). 
(a) The map (j) 

C"-^ — > {discrete valuation of K}\{voc} 
p->- Vp 

is bijective, where Vp is the discrete valuation corresponding to p ^ C""-^ (cf. 

ini' p-21,22). 

Let C be the compact Riemann surface corresponding to C"*^. From Propo- 
sition 2.2 (ii), we can obtain C by adding one point oo to C^, where the discrete 
valuation corresponding to oo is Voo ■ It is known that any non-singular algebraic 
curve is birationally equivalent to such C for some At (cf. [13). Hereafter, we 
represent each curve C by the sequence At = (ai, . . . , ) and call (ai, . . . , a^)- 
curve for short. 

The sequence At — (ai, . . . , Of ) is called telescopic if for any i {2 < i < t) 
^e^n+--- + ^N, :=GCD{ai,... ,a.}. 

Note that A2 = (01,02) is always telescopic. 

Proposition 2.3 (Miura [I3])- If At is telescopic, the condition ^ is met, 
and we have the followings. 

(i) B{At) - {{mi,...,mt) £ | < m, < rf,_iM ^ 1, '2<i<t}. 

(ii) V{At) — {(0, . . . , 0, di^i/di, 0, . . . , 0) | 2 < i < t}, where di^i/di is in the 
i-th component. 

(Hi) The genus g of C is 




Note that tty(At) is the number of the defining equations, where jj denotes 
the number of elements. From Lemma C.l (iv) in Appendix, we obtain ttV^(At) > 
t—1. If At is telescopic, then from Proposition 2.3 (ii) we obtain jjl/(yl4) = t — 1. 
On the other hand, Suzuki [TB] proved that if jJV^(At) = t — 1, then At is 
telescopic. 

If At — (ai,...,at) is telescopic, we call the (oi, at )-curve telescopic 
(oi, . . . , at)-curve. From Proposition 2.3, the defining equations of a telescopic 
(oi, . . . , at)-curve is given as follows; for 2 < i < t, 
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where {mn, . . . ,mit) € B{At), Yl]=i'^]^i] = aA-i/di, Aj'^_ ^-^ G C, and 
(ji, . . .,jt) runs over (ji, . . . ,jt) e B{At) with J2k=i ^kjk < a-di-i/di. 

EXAMPLE 1. A2 = {n, s) for relatively prime positive integers n and s. 

Since A2 = (n, s) is telescopic, from Proposition 2.3 (ii), we have V{A2) = 
{(0,n)}. Hence, the (n, s)-curves (cf. [15], p. 182) are given by the following 
defining equation: 

F2{x,,X2) = X- -XI- ■ 

nji+sj2<ns 

In particular, we obtain the elliptic curves if n = 2 and s = 3, and the hyperel- 
liptic curves with genus g ii n = 2 and s = 2g + 1. 

EXAMPLE 2. A3 = (4,6,5). 

Since A3 = (4,6,5) is telescopic, from Proposition 2.3 (ii), we have V{A3) = 
{(0, 2, 0), (0, 0, 2)}. Hence, the (4, 6, 5)-curves are given by the following defining 
equations: 

( V V V \ "V^3 \ (2) Y' V \ (2) v \ (2) y V \ (2) v2 

-f*2(,^l,-^2,^3j— ^2^^1^^0,l,l 2^3^ ^14,0"^ 1^2 ~ -^1,0,1^ 1^3 " ^2,0,0^1 

\(2) Y y ^(2) y ,(2) 

and 

^3l^l, -^2, — -^3 ^ ^1-^2 — '^l, 0,1^1^3 — ^2,0,0^1 ~ ^0,1,0^2 — ^0,0,1"^3 

_X(3) Y - 

^1,0,0^1 ^0,0,0- 

3 Holomorphic 1-Forms for the Telescopic Curves 

Let C be a telescopic (ai, . . . , at)-curve, and r(C, il^) the linear space con- 
sisting of holomorphic 1-forms on C. In this section, we construct a basis of 
r(C, rij;). Let G be the matrix defined by 

/ dF2 m\ 

dXi ■ ■ ■ dXt 

G •= 

'm 'm 

\dXi dXtJ 

and Gi the matrix obtained by removing the i-th column from G. Then, we 
have the following theorem. 

Theorem 3.1. The set 

( ^ki kt t 
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is a basis o/r(C, f2^) overC, where detGi(a;) denotes detGi{X = x). 

We rearrange the elements of P in the ascending order with respect to the 
order at oo, and write {dui, . . . , dUg}. 



In order to prove Theorem 3.1, we need some lemmas. 

Lemma 3.1. If detGi{p) ^ for p = {pi,...,Pt) e 

then Vp{xi — Pi) = 1. 



I <i <t, 



Proof. Without loss of generality, we assume i = \. Suppose Vp{xi — pi) > 
2. Then, there exists k (2 < k < t) such that Vp{xk — Pk) = 1- In fact, if 
Vp{xk — Pk) > 2 for any k, then Vp{f) > 2 or Vp{f) — for any f £ R. Then, 
Vpig) > 2 or Vp{g) = for any g G where Rp be the localization of R at p. 
This contradicts that Rp is a discrete valuation ring. 

There exist {7ij, 4f,...,jJ e C such that for 2 < i < f 



j=l ji+---+jt>2 



where 7^- = §x"ip)- Since _Fi(a;i, . . . , a;^) = and Wp(a;i — Pi) > 2, we have 
^'p (E*=2 7ij(a;j -Pj)) = ((a;fe -Pfe)(E*=2 7«j f^)) > 2. Since t;p(a;fc - 
Pk) = 1, we have E*=2 ~ 0' where 6j = Ip^ ) (p)- Hence, we obtain 



/62\ 









Gi{p) 



Since 6^ = 1(^ 0), we have detG'i(p) = 0. This contradicts the assumption of 
Lemma 3.1. Hence, we obtain Vp{xi — pi) = 1. 

□ 



Lemma 3.2. (i) As an element of K, we have detGi(a;) 7^ 0. 

dxi 
det Gi {x 

Proof. Since the differential d{Fi{xi, 



(ii) div 



(2g - 2)00. 



G{x) 



. . . , Xt)) = for any i, we have 
fdxA /0\ 

\dxtj \0j 



By multiplying some elementary matrices on the left, the above equation be- 



6 



comes 



(W2 


Z22 223 • 


• 22A 


fdxi\ 


n 




233 • 


• 2:3* 






\wt 


••• 


ZttJ 


\dxtj 





Since is non-singular for any p G C^^, there exists i such that det Gi{p) ^ 0. 
Hence, we have wt ^ or zu ^ as elements of K. Since Voo{xj) = —aj, we 
have Xj ^ C, hence, dxj ^ for any j. Since Wfdxi = Zttdxt, we have Wt 
and Ztt 7^ 0. Hence, by multiplying some elementary matrices on the left, the 
above equation becomes 



Similarly, we obtain 





222 223 • 


..o\ 




Uxi\ 








233 • 


• -0 










\Wt 


• • 


Ztt) 




\dxt) 






(< 


222 • 


■■ Q\ 




/dx,\ 




('] 




233 • 


■■ 








• • • 


ZttJ 




\dxtj 







where W2, . . . , w'/ , Z22, ■ ■ ■ , E K arc non-zero. Hence, we obtain det Gi{x) = 
±222 ■ ■ ■ Ztt 7^ 0, which complete the proof of (i). 

Next, we prove that the 1-form dxi/ detG\{x) is both holomorphic and 
non-vanishing on C^*^. When detGi(p) 7^ for p G C^, from Lemma 3.1, 
dxi/ det Gi (x) is both holomorphic and non- vanishing at p. Suppose det Gi (p) = 
for p e C^^. Since C^^ is non-singular at p, there exists i {2 < i < t) such 
that det Gi{p) 7^ 0. Since iv'ldxi + zudxi = 0, wc have tu'l Z22 ■ ■ 'Zii ■ ■ ■ zndxi + 
Z22'''Zttdxi = 0, i.e., detGj(3;)dxi ± det Gi(a;)(ixi = 0, where zu denotes to 
remove zu. Since detGi(a;) ^ and det Gi(a;) ^ 0, we have dxi/ detGi(a;) = 
±dxi/ detGi(a;). Hence, from dot Gi(p) 7^ and Lemma 3.1, dxi/ detGi(x) is 
holomorphic and non-vanishing at p. On the other hand, by Riemann-Roch's 
theorem, we have degdiv(rfa;i/ detGi(a;)) = 2g — 2, which complete the proof 
of(ii). 

□ 

Proof of Theorem 3.1. From Lemma 3.2 and Proposition 2.1 (i), we have P C 
r(G, flc), and the elements of P are linearly independent. Since dime r(G, Qq) = 
g, it is sufficient to prove = g. It is well-known that there arc g gap values 
at 00 from to 23 — 1. Since dime L{{2g — l)t;oo) = dime L{{2g — 2)voo) = 9 
(Riemann-Roch's theorem), 217 — 1 is a gap value at 00. Hence, from Proposition 
2.1 (i) and Proposition 2.2 (i), wc have . . . , fct) ^ B{At) \ < Y,\=\ o-ih < 

2g — 2} = g, which complete the proof of Theorem 3.1. 

□ 
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4 Second Kind Differentials for the Telescopic 
Curves 

In this section, we construct dri for a telescopic (oi, . . . ,at)-curve C. For 
2 < i < t and 1 < j < t, we divide Fi{Yi,. . . , Y,-i, Xj, ...,Xt) by Xj - Y,, 
where we regard Xj as a variable. Let /i^ e C[Xi, . . . , Xj, Fi, . . . , Yt] be the 
quotient, i.e., 

i^,(Yi, . . . , Fj-i, x„ . . . , = /i., -(x.-y.o+F.iri, . . . , Fj, . . . , Xt), (4) 

and H the matrix defined by 



We consider the I-form 



nr \ det H{x,y) 

[xi - yi) detGi(x) 



and the bilinear form (cf. [15], p. 181, 2.4) 

Ld{x,y) := dyn(x,y) + Y,c^^,....^„n.■■■,n A ^ <lf.tr (Ia ^^^^V^ 



on CxC, where X = (xi, . . .,xt), y = (yi, . . . ,yf)> Ci^^,,,Atji^...,jt e C, (j^ . . . ,it) e 
BiAt) with < akik < 25 - 2, and (j, . . . , jt) G B{At). 

We take a basis {cti, f3i}^^-^ of the homology group 7fi(C, Z) such that their 
intersection numbers are o = Pi o /3j = and o /3j = Sij . 

DEFINITION 4.1. (cf. [15], p.l81, 2.4) Let A := {{p,p) \ p e C}. A 
meromorphic symmetric bilinear form uj(x, y) on C x C is called a normalized 
fundamental form if the following conditions are satisfied. 

(i) y) is holomorphic except A where it has a double pole. For p G C, we 
take a local coordinate s around p. Then, the expansion in s{x) at s{y) is of the 
form 

uj{x, y) = — ---2 + regular ) ds{x)ds{y). 

(ii) / uj — Q for any i, where the integration is with respect to any one of the 
variables. 

Normalized fundamental form exists and unique (cf. '15' p. 182). Then, we have 
the following theorem. 

Theorem 4.1. 
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(i) There exists a set of Ci-^^,,,^i^j-^_,,,j^ such that il)[x,y) = uj{y,x). 

We take Ci-^^,,,^i^j-^ such that uj{x,y) ^il){y,x). Then, we have the following s. 

(ii) The bilinear form Gj satisfies the condition (i) of Definition 4-1- 
(Hi) For dui :— {x\'"^ • • • a:^'''/ det Gi(x))da;i, we define 

Then, dri is a second kind differential for any i, and the set {dui,dri}f^^ is a 
symplectic basis of H^{C,C). 

In order to prove Theorem 4.1, we generalize Lemma 2,3,4,5,6 in |15) to the 
telescopic (ai, . . . , at)-curves. 

Let B be the set of branch points for the map a:i : C ^ P^, (xi, . . . ,xt) — >■ 
[xi : 1] (of. [T7], p. 24, Example 2.2). Since the ramification index of the map 
Xi at cx) is oi, we have degxi = ai (cf. [17], p. 28, Proposition 2.6). For p & C, 
we set Xi^{xi{p)) = {p^°\p^^\ . . . with p — where the same p*^*) 

is hsted according to its ramification index. 

Lemma 4.1. Let U be a domain in <C, /(zi,Z2) a holomorphic function on 
U xU, and g{z) := f{z,z). If g = on U , then there exists a holomorphic 
function h{zi,Z2) on U x U such that /(zi,Z2) = {zi — Z2)h{zi, Z2). 

Proof. Let/i(zi,Z2) := f {zi, Z2) / {zi — Z2) ■ Given 2:1, • ) has a singularity 
only at zi, where its singularity is removable, i.e., h{zi, ■ ) is holomorphic on U . 
Similarly, h{ •,2:2) is holomorphic on U. Hence, h is holomorphic onU x U. 

□ 

Lemma 4.2. The 1-form n(x,y) is holomorphic except AU {{p^^\p) \ i 
0, pe B or p(') £ B}UC X {00} U {00} x C. 

Proof. Since dxi/ detGi(x) is holomorphic on C (cf. Lemma 3.2), il{x,y) 
is holomorphic except A U | p € C, i 7^ 0} U C x {00} U {00} x C. We 

prove that n{x,y) is holomorphic on {{p^^\p) \ i 7^ 0,p ^ ^ B}. From 

(jll), we obtain 

t 

i=i 

Set X — X and Y = y, then we have 

t 

• {xj -yj) =0. 
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Take ip'-'\p) eC xC such that i^O,p!^B, and p^^^ ^ B, then we have 



' Pi - -Pi 



Pi, 



Since — pi = 0, we have 



' P2 P-2 
\Pt Ptj 



Since (pg*' — P2, • ■ • jPt*"* ~ Pt) 7^ (0, • • ■ ,0), we have AetH{p^^\p) = 0. Since 
p ^ B and p*^*-' ^ B, we can take as a local coordinate around {p^'^\p). 

Hence, from Lemma 4.1, there exists a holomorphic function h{xi,yi) around 
{p^''\p) such that detH(x,y) = {xi — yi)h{xi,yi). Hence, n{x,y) is holomorphic 
at 

□ 

Lemma 4.3. Letp ^ B, s a local coordinate around p. Then, the expansion 
offl{x,y) in s{y) at six) is of the form 



rj(a;,y) 



-1 



s{y) - s{x) 



+ regular j ds{x) 



Proof. Set Y ^ y in then we have 



Hence, we obtain 



■^^{xi,...,xt) = ^ ' ~y]) + h,k{,x,y). 

3 = 1 



Set X ^ y, then we have 

dFi 



dXk 



(xi, . . . ,xt) hik{x,x). 



Hence, we obtain detG'i(a;) = det 7J(a;, x). On the other hand, since p ^ B, 
we can take {xi,yi) as a local coordinate around (p,p)- Since p ^ B, we have 
detGi(p) 7^ 0. In fact, if detGi(p) = 0, then dxi/ detGi(a;) is not holomorphic 
at p, which contradicts Lemma 3.2 (ii). Hence, det H{x,y)/ detGi(a;) is holo- 
morphic at {p,p). Hence, from Lemma 4.1, there exists a holomorphic function 
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h{xi,yi) around {p,p) such that det //(a;, y)/ det Gi(a;) = l + {xi — yi)h{xi,yi). 
Hence, we obtain Lemma 4.3. 

□ 

Lemma 4.4. When we express 

dot H{X, Y) = ''^€mi,...,mt,ni,...,ntXl^^ ' ' ' X^*Y^^ ■ ■ ■ Y^"* , 

we have Y.k=i o.k{mk + nu) < EL2 «fc {{dk-i/dk) - !)• 
Proof. By the definition of hij, we have 



-fi(^i) • • • ,Yj_i,Xj,Xj_^_i, . . . ,Xt) — Fi{Yi, . . . , Yj_i,Yj,Xj_^_i, . . . , Xf) 



^3 - ^3 

When we express Fi{X^, • . • = EZo^iki^i^ ■ ■ ■ . . .,X,)X^, 

we have hi^ = ^^=0 ^feH^^i- • • ■ > ^i-i' ^i+i- • • • - Efjo When 

we assign degrees as dcgXk = dcgYfe = ak and dcgA^*' — a-idi^i/di — 

X]fc=i flftjfe, hij is a homogeneous polynomial of {x'^j^ j^^Xi-^Yk} of degree 
Gidi-i/di — ttj. Hence, we obtain Lemma 4.4. 

□ 

Lemma 4.5. The meromorphic bilinear form dyfl{x,y) is holomorphic ea;- 

cept AU{{p^'\p) \ i^0, pe B or p^^ G U C x {00}. 

Proof. It is sufficient to prove that dy^l{x,y) is holomorphic at {00, y), 
y ^ 00. Prom Lemma 4.4, with respect to x, we obtain 

i 

Voc, (det H{x, y))>-^ Uk {{dk-i/dk) - 1) • 

fc=2 

If iIqo (det if(a;, y)) > —Y^\^2'^k{{dk-i/dk) — i), then from Lemma 3.2 (ii) 
and Proposition 2.3 (iii) we obtain Voo {^{x,y)) > 0. Hence, dyQ{x,y) is 
holomorphic at {00, y). If Voo {det H{x,y)) = -J2k=2'^k {{dk-i/dk) - 1), then 
Voo {n{x,y)) = —1. Let s be a local coordinate around 00, then from Lemma 
4.4 there exists a constant e which does not depend on y such that 



Q{x, y) = + regular^ ds. 



Hence, dyQ{x,y) is holomorphic at {00, y), y ^ 00. 

□ 

Lemma 4.6. Let oj be the normalized fundamental form. Then, there exist 
second kind defferentials dfi {1 <i < g) which are holomorphic except {00} and 
satisfy the equation 

g 

ui{x,y) - dyft{x,y) = y^ dui{x)dfi{y). 
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Proof. If we take B2 — | p G -B\{cx)} or p^'^ e i3\{oo}} in the proof 

of [IS] Lemma 5, then the proof of Lemma 4.6 is similar to that of [TS] Lemma 
5. 

□ 

Lemma 4.7. Let Q be the linear space consisting of meromorphic differen- 
tials on C which are singular only at 00, and 

S := {{xY ■ ■ ■ xl'/detGiix))dxi \ {ii, . . . ,it) e B{At)} . 

Then, S is a basis of Q . 

Proof. For 7] & Q,we consider the meromorphic function v/ dct^clix) • From 
Lemma 3.2 (ii), it may have a pole only at cxd. From Proposition 2.1 (i) 
and Proposition 2.2 (i), v/ dct^clix) ^ hnear combination of x\^ ' ' ' ^1' with 
(ii, . . . ,it) € B{At), and the elements of S are linearly independent. 

□ 

Proof of Theorem 4.1 (i). Let us write 

(xi-2/i)2detGi(x)detGi(y) 

where (ii, . . . ,it), {ji, . . . , jt) e B{At), and qii^...At,]u---,jt € C. Note that if 
(mi, . . . , mt) e B{At), then (mi + m, m2, . . . , mt) G B{At) for m e N. Hence, 
we obtain 

^ '^'^ det Gi (x) det Gi (2/) 

_ X]('^n-2,...,if ,ji,...,jt ~ 2ci^-i^...^i^ j-^ + c.t^,...,if ,ji-2,...jf )a^i^ • • • ^tU'i ' ' ' vj* 

(xi- 2/1)2 dot Gi(a:)detGi(y) 

where (ii, . . . , it), (ji, . . . , jt) e i3(At). Hence, a)(x, y) — uj{y,x) is equivalent to 

Cii-2,...,it,ji,...,jt ~ 2Cij_i^....ij j-j-_i^... jj + Cij_...^ij j-j_2,...jj — Cjj_2,... 
+ 2Cj^_l.... j-j.ij_l....^ij — Cjj^... .j(^ij_2,...,it = Qji,...,jt,ii,...,it ~ 9ii,...,it,ji,... Jf 

By Lemma 4.6, 4.7, the system of the above linear equations has a solution. 

□ 

Proof of Theorem 4.1 (ii). From Lemma 4.6, (ij,fi(a;, y) is holomorphic except 
A U G X {00} and so is Cj. Since Gj(x^ y) = uj{y, x), w does not have a pole at 
y = 00, and is holomorphic except A where it has a double pole. From the 
definition of dr, , we obtain 



(jj — OJ — 

i=l 



du^{x){dr,{y) - df,{y)). (7) 
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Both hand sides of ([7]) are meromorphic on C x C. The singularities of the 
left hand side are contained in A, and those of right hand side are contained in 
C X {oo}. Hence, the possible singularity oi uj — u) is {00} x {00}. Hence, d) — a; 
and dri — dfi are holomorphic on C x C and C respectively, which complete the 
proof of Theorem 4.1 (ii). 

□ 

Proof of Theorem 4.1 (iii). The 1-form dri is a second kind differential. 
In fact dvi — dfi modulo holomorphic 1-form as is just proved in the proof of 
Theorem 4.1 (ii), and dfi is a second kind differential by Lemma 4.6. Proof of 
Theorem 4.1 (iii) is similar to the case of the (n, s)-curves (cf. [T5] Lemma 7,8, 
Proposition 3). 

□ 



5 Sigma Functions for the Telescopic Curves 

In this section, we construct the sigma function for a telescopic (ai, . . . , at)- 
curve C. First, we take the following data. 

1. A basis {ai, I3i}f^i of the homology group i?i(C, Z) such that their inter- 
section numbers are ai o aj = f3i o /3j = and ai o f3j = Sij . 

2. The symplectic basis {du^, dr^jf^^ of the first cohomology group H^{C, C) 
constructed in section 3 and 4. 



We define the period matrices wi, a;2, ?7i, r/2 by 




Then, uji is invertible. Set t = ^0)2, then r is symmetric and Im r > 0. By 
the Riemann's bilinear relation 



the matrix 



satisfies 




where Ig denotes the unit matrix of degree g. Since rjiui-^ is symmetric (cf. 
[15] Lemma 8), we obtain the following proposition. 
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Proposition 5.1. (generalized Legendre relation) 



-Ig Oj 2 \-Ig 



□ 



Let S = t6' + 6" be the Riemann's constant of C witli respect to our choice 

(oo, {ctj, /3i}f=i)- Since the divisor of the holomorphic 1-form dug is (2g — 2)oo, 
the Riemann's constant S becomes a half period. Then, the sigma funtion a{u) 
associated with C is defined as follows. 

DEFINITION 5.1. (Sigma function) For u e C^, 

a{u) = a{u;M) = c- exp ^urjico^^iij 9[S\ {{2loi)~^u,t) 

/"l t 

= c ■ exp I - urjiLOi u 
X J2 {ttV-1 *(n + S')T{n + 6') + 2ttV^ *(n + 6'){{2cji)-'^u + S")} , 
where c is a constant. 

By Proposition 5.1, we obtain the following proposition. 

Proposition 5.2. For any mi,m2 € Z^, and u e C^, we have 
a{u + 2wimi + 2uj2m2)/a{u) = exp (tta/^ (*mim2 + 2 *ymi - 2 *5"to2)) 
X exp ( *{2r]imi + 2772^2) (w + WiWi + W2TO2)) . 

□ 
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A Proof of Proposition 2.1 

Lemma A. 1. ^(At) + N* = N*\B(Af ). 

Proof. Since M + N B{At) for M ^ B{At) and iV G N*, we have V{At) + 
N* C N*\B{At). Suppose V{At) + N* C W\B{At). Take Mi e N'\B{At) 
such that Ml ^ V{At) + N*. Since Mi ^ V^(At) and Mi ^ B{At), there exist 
M2 € N*\B{At) and (0, . . . , 0) 7^ iVi e N* such that Mi = M2 + iVi. Since 
Ml ^ F(At) +N*, we have M2 ^ Similarly, for M, G N*\B(At) and 

^ ^Ut) + N*, we have M, = M,+i + iV, with M^+i G N*\B(At), M^+i ^ 
F(Af) + N*, and (0, . . . , 0) 7^ A^i G N*. Hence, there exists a infinite sequence 
such that ^(Mi) > \I'(M2) > • • • > > • • • . This is contradiction. 

□ 

Proof of Proposition 2.1 (i). From ([2]), it is sufficient to prove 

Span{X^ I N G B{At)} + {{Fm \ M G ViAt)}) = C[X]. 

We prove that for any T G N* 

G Span{X^ I N G 5(^0} + {{Fm \ M G V{At)}), 

by transfinite induction with respect to the well-order < in N*. The statement 
is correct for the minimal element T = (0, . . . , 0). Suppose that it is correct for 
any [/ G N* such that U < T. Since it is correct for T G B{At), we assume 
T ^ B{At). From Lemma A.l, there exist M G V{At) and Z G N* such that 
T = M + Z. Then, we have = A^-^ A^ = (A^^ - Fm)A^ + ^/A^, where 
U < T for any term X^ appearing in [X^'^ — Fm)X^ . Hence, by the assumption 
of transfinite induction, we obtain the statement. 

□ 

We define the function o : i? ^ N U {—00} by 

, f\ _ \ for / = 

\ max{«'(iV) I Aat 7^ 0} for / 7^ ' 

where for / 7^ we express / = 'YIn ^nx^ with \m G C and N G i?(Af). 
Lemma A.2. o{x'^) = *(r) for any T G N*. 

Proof. We prove the statement by transfinite induction with respect to the 
well-order < in N*. It is correct for the minimal element T = (0, . . . , 0) G N*. 
Suppose that it is correct for any [/ G N* such that U < T. Since it is correct for 
T G B{At), we assume T ^ B{At). From Lemma A.l, there exist M G V{At) 
and Z eN* such that T ^ M + Z. Then, we have X'^ = X^^X^ = (A*^ - 
Fm)X^ + FmX^. Since X^' - Fm = +J2n ^nX^ from (P, we have 

= (x^ + J2n Xnx^)x^ = x^+^ + J2n >^nx^+^. Since N + Z < L + Z <T, 
by the assumption of transfinite induction, we have o{x^+^) = '^{L + Z) and 
o{x^+^) = -^{N+Z). Since o{f+g) = max{o(/), 0(5)} for /, g G i? with o(/) 7^ 
0(5), we have o{x'^) = o{x^+^ + Y,^ \nx^+^) - o{x^+^) = *(L + Z) = *(T). 
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□ 



Lemma A. 3. The function o satisfies the following conditions: 

(i) o{f) — —oo if and only if f — 0, 

(ii) o{fg) = o{f) + o{g) for any f,g € R, where we define — oo + (—00) = 
a + (—00) = (—00) + a ~ —CO for a € N, 

(Hi) o{f + g) < max{o(/), o{g)}, 

(iv) o(i?\{0}) — (At), in particular M\o{R\{0}) is a finite set, and 

(v) o{a) = for any 7^ a G C. 

Proof, (i), (iii), (v), ando(i?\{0}) = {At) are trivial. Since GCD{ai, . . . ,at} = 
1, N\{At) is a finite set (cf. [S], Theorem 5). We prove (ii). If / or .g = 0, 
then o{fg) = o{f) + o[g) = —00. Suppose f ^ and g ^ 0. Then, we can 
express 

/ = Xmx'^' + ^ Atx^ and g = Xnx'^ + ^\zx^ , 

T Z 

where Xm,Xt,~Xn,Xz € C, Xm ^ 0,Xn ^ 0, M,T,N,Z e B{At), *(r) < 
*(M), and*(Z) < 5'(iV). From Lemma A.2, we have o(/g) = o{Xm~Xnx'^'~^'^) = 
^{M + N) = *(Af ) + ^t{N)= o{f) + o{g). 

□ 

Proof of Proposition (ii). Take f,g G R such that fg = 0- Then, since 
— (X) = o{fg) — o{f) + 0(17), we have o{f) — —00 or o[g) — —00. Hence, we 
obtain f = or g = 0. 

□ 

Lemma A. 4. Let 13 C N* &e a set such that the restriction map o/^* : N' — >■ 

(At) on B is bijective. Then, the set {x^ \ M S B} C R is a basis of R over 
C. 

Proof. Since o(x^) = *(r) for T e N* and o{f + g) ^ max{o(/), 0(5)} for 
f,g G R with o(/) 7^ o{g), the set {x^ \ M £ B} is hnearly independent. Since 
R = Span{a;^ | N e B{At)}, in order to prove R = Span{a::*^ \ M € B}, it is 
sufficient to prove Span{a;^ | N £ B{At)} C Span{a:*^ \ M e B}. We prove 
Span{a:^ | iV e S(At), *(7V) < m} C Span{a;*^ \ M e B, 4'(M) < m} for 
any m G N by induction. For m — 0, the statement is trivial. Suppose that 
the statement is correct for any i with 0<i<m — 1. li m ^ (At), then since 
Span{2:^ | M S B, ^{M) < m} = Span{a;^^ | M G B, *(Af) < m - 1} and 
Spanja;^ | N e B{At), ^'(iV) < m} = Span{a:^ | N e B{At), «'(7V) < to - 1}, 
the statement is correct. Suppose to € (At). Take T £ B such that ^'(T) = m. 
If T € B(At), then since Span{a;^ \ M £ B, *(Af ) < m} = Span{a;*^ | M € 
B, *(M) < to - 1} U C{x'^} and Span{a;^ | N e B(At), ^'(TV) < to} = 
Span{x^ I N e S(^t), ^'(iV) < to - 1} U cjx^}, the statement is correct. 
Suppose T ^ B{At). Then, we can express x'^ — Xlx^ + X^w^w^^i where 
^ Xl,Xn e C, L,N £ B{At), *(L) = to, and *(7V) < to - 1. Since 



17 



= \l^{x'^-Y.N >^NX^) e Span{2;^ | N G B{At), *(iV) < TO-l}UC{a;^} C 
Spaii{a:^ \ M € B, ^(M) < m - 1} U C{x'^} C Span{a;*^ \ M e B, *(Af ) < 
m}, we have Span{x^ | TV e B{At), ^'(TV) < m} C Span{x*^ | M e 
B, ^'(Af) < m}. 



Lemma A. 5. Given i, there exists a set Ti C W x {0} x N* * such that 
'^Ti = ai and the restriction map o/ 5* : N* — >■ (At) on Bi is bijective, where 
B, := T, + {Oy-^ X N X {0}*-*. 

Proof. Since GCD{ai, . . . ,at} = 1, the set {c G aiNH hai_iN + a,;+iN + 

• • • + atN I c = j mod ai} is not empty for any j with < j < ^ 1- 
Let Cj :— min{c G aiN + • • • + a^^iN + a^+iN + • • • + otN \ c = j mod a,;}, 

G N*~^ X {0} X N*-* such that liiNj) = Cj, and {iV, | < j < - 1}, 

then T!; satisfies the condition of Lemma A. 5. 



Proof of Proposition 2.1 (iii). Since o{x^) *(r) for T G N* and o(/ + 
g) = max{o(/),o(5)} for f,g € R with o(/) 7^ o(g), the set {a;^^ | M G 
{0}'^^ X N X {0}*~*} C C[xi] is hnearly independent. Hence, the extension of 
field C{xi)/C is a simple transcendental extension for any i. Next, we prove 
[K : C(a;i)] < for any i. From Lemma A. 4 and Lemma A. 5, we have R = 
C[xi,...,xt] = Span{x^^ | M G r,+{0}'-i xNx {0}*"*}. Hence, C[xi,...,xt] = 
C[xi]fo 4- • • • + C[xi]/a._i, where fj := x^^ (see the proof of Lemma A. 5 for 
Nj). Since /o = 1, we obtain the finite extension of integral domain C{xi) C 

C(a:i)/o H + C{xi)fa,-i- Since C{xi) is a field, C{xi)fo H + C{xi)fai-i 

is also a field. Hence, we obtain C{xi) C C(xi)/o + ■ • • + C(a;i)/ai-i = JsT, and 



Proof of Proposition 2.1 (iv). We define the function v^o : iiT — > Z U {00} by 



where for / 7^ we express / = /i / /2 with /i , /2 G i?. The definition of Voo 
is well-defined. In fact, if ^ / = /1//2 = 51/(72, then since /152 = ffi/2 G i?, 
we have o(/i) + 0(52) = o(/i.g2) = 0(51/2) o(gi) + o(/2). From Lemma 
A. 3, one can check that the function Uqo is a discrete valuation of K. From 
Lemma A. 2, we obtain Woo(a^i) — —ai. From |19| p. 19 Theorem 1.4.11, we 
obtain [K : C{xi)] = deg(xi)oo > deg(aiWoo) — ai. On the other hand, in the 
proof of Proposition 2.1 (iii), we proved [K : C{xi)] < ai. Hence, we obtain 

(•^z)oo — aiVoQ. 



□ 



□ 



[K : <C{x,)] < a,. 



□ 




3 for / = 

o(/i)+o(/2) for /^O 



□ 
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B Proof of Proposition 2.2 

Proof of Proposition 2.2 (i). It is trivial that R C [Jk=QL{kvoo)- On the 
other hand, we have 

oo 

\jL{kv^)ci fi ac fi Op-i?, 

where Oy := {f e K \ v{f) > 0} and Op := {f e K \ Vp{f) > 0} (see 
Proposition 2.2 (ii) for Vp). 

□ 

Proof of Proposition 2.2 (ii). It is trivial that the map cj) is injective. We 
prove that the map i/i is surjective. Let u be a discrete valuation such that 
V 7^ Voo- Since v{xi) > for any i, we have R C Oy. Let P be the maximal 
ideal of Oy and m := P D R, then we have 

C ^ R/m ^ Oy/P. 

Since [Oy/P : C] = 1, we have C ~ R/m ~ Oy/P. Hence, m is a maximal 
ideal. Let Rm be the localization of R with respect to m, then Rm and Oy 
are discrete valuation rings with R,n C Oy and P n Rm — mRm- Hence, from 
[8] p. 40 Theorem 6.1 A, we obtain Rm = Oy. Since there exists p € C"^^ such 
that Op = Rm, we have Op — Oy. Hence, we obtain Vp = v, and the map (p is 
surjective. 

□ 

C Proof of Proposition 2.3 

Let T{At) B{At) D ({0} x N'-^) . 

Lemma C.l. (i) T{At) = {M{b^) e B{At) \ i = 0,...,ai - 1}, where 
hi := min{6 e + • • • + OfN \ h = i mod ai} for i = 0, . . . , ai — 1. In 
particular, ttT(At) = ai. 

(ii) B{At)^T{At)+nx{Qy-\ 

(in) V{At) C {T{At) + {(0, . . . , 0, 1, 0, . . . , 0) h = 2, . . . , t}}\T{At) c {0} x 
N*^^, where the i-th component o/ (0, . . . , 0, 1, 0, . . . , 0) is equal to 1. 

(iv) The set {0}*^^ x N x {0}*~* n V{At) consists of only one element for any 
i{2<i<t). 

Proof. We have M{hi) := (mi, . . . ,mt) e {0} x . In fact, if toi ^ 0, 
then we have ^"((0, m2, . . . , to*)) = bi = i mod ai and ^((0, m2, . . . , wt)) < 6i, 
which contradicts the definition of bi. Hence, we have M{hi) S T{At). For 
M,A^ e {0} X N*-i such that ^'(Af) > *(iV) and «'(M) - ^'(TV) = eoi for 
some e e N+, we have M ^ T{At). In fact, for N' := (e, 0, . . . , 0) + N, we have 
M > N' and *(A/) = *(A^')' which means M ^ B{At). Hence, we obtain (i). 
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Next, we prove B{At) C T{At) + N x {0}*"^ Let M := (mi,...,mf) G 
B{At), Ml := (0,m2,...,rnt), and M2 := (toi, 0, . . . , 0). Since Mi + M2 S 
we have Mi,M2 e sUt)- Since Mi e n ({0} x N*-i) = T(ylt), 

wc have M € r(^t) + N X {0}*~i. Suppose C T{At) + N x {O}*"!. 

Then, from (i), there exist i {0 < i < ai - 1) and M3 e N x {0}*"^ such that 
M{bi) + M3 ^ B{At). Take AT e B{At) such that *(M(6i) + M3) = *(Ar). 
Since TV e C T(Af) + N x {0}*"^ and *(7V) = i mod oi, there exists 

M4 e N X {0}*-^ such that N = M{bi) + M4. Hence, M3 > M4, M3,M4 e 
N X {0}*"-^, and ^'(Ms) = ^{M4), which is contradiction. Hence, we obtain 
BiAt)=T{A^)+Nx{OY-\ 

Next, we prove y(At) C {0}xN*-^ Let M := (mi,...,mt) G V(At), Mi := 
(0,m2,...,mt), and M2 := (toi, 0, . . . , 0). Since M ^ -B(At) and M2 e B{At), 
we have Mi ^ B{At). From the definition of V{At), wc obtain = (0, . . . , 0). 
Hence, we obtain V{At) C {0} x W-\ Let M G c {0} x N*-i. Since 

M ^ (0, . . . , 0), there exist i (2 < i < t) and Mi e {0} x N*"^ such that M = 
Ml + (0, . . . , 0, 1, 0, . . . , 0), where the i-th component of (0, . . . , 0, 1, 0, . . . , 0) is 
equal to 1. Since Mi G B{At) from the definition of V{At), we have Mi G 
B{At) n ({0} x = TiAt). Hence, we obtain (iii). 

For 2 < i <t, the set {O}'"! x N x {0}*"* n {N*\B(^t)} is not empty. In 
fact, since 

*((0,...,0,ai,0,...,0)) = *((a„0,...,0)) =aia„ 

we have (0, . . . , 0, ai, 0, . . . , 0) > (a^, 0, . . . , 0). Let Ni be the minimal element of 
{0}'-ixNx{0}*-'n{N*\B(^t)}. Then, we obtain {0}'-ixNx{0}*-'ny(ylt) = 
{Ni}. Hence, we obtain (iv). 

□ 



Let SV{At) = {Ni\2<i<t} (see the proof of Lemma C.l (iv) for Ni). For 
F :=Y, XnX^ g C[X], we define multideg of F by 

multideg(F) := | ^^^^^ ^ | _^ ^^^^ . 

Also, we define leading term of F by 

TTrP^-/° fori^ = 

■ \ XtX^ for F ^ 0, where T = multideg(F) ' 

For a ideal J C C[X], we define 

A(J):=N*\ U {multideg(F)+N*}. 
Fej\{0} 

Then, we have 

Span{X^ I M G A( J)} n J = {0}. (8) 

Lemma C.2. {_FAf | M G SV{At)} is a Grobner basis of the ideal J := 
{{Fm I M G SV{At)}) with respect to the order < in N*, i.e., {{LT{F) \ F e 
J}) = {{LT{Fm)\M €SV{At)}). 



20 



(ii) 5pan{X^ I N G B{At)} n {{Fm \ M e SV{At)}) - {0}. 

Proof. For M, N G SV{At) with M ^ A^, we have L.C.M.{LT(Fm), LT(i^Ar)} = 
LT(FM)LT(FAr). Hence, from |6j p.l02 Theorem 3 and p.l03 Proposition 4, we 
obtain (i). From (i), we obtain A{{{Fm \ M G SV{At)})) ^ n*\{SV{At) + 
N*} D N*\{T/(At) +N*} = where the last equality is due to Lemma A.l. 

Since Span{X^ | N G A({Fm | M G SV{At)})}n{{FM \ M G SV{At)}) = {0} 
from ©, we have Span{X^ | iV G B{At)} n {{Fm \ M G 5F(At)}) = {0}. 

□ 

Lemma C.3. If At is telescopic, then the followings are satisfied, 
(t) T{At) = {(0, m2, . . . , G N* I < m, < - 1, ^ = 2, . . . , t}. 

(it) SViAt) = ViAt) = {(0, . . . , 0, d,_iM, 0, . . . , 0) G {0}'-i X N X {0}*-^ | 2 < 

1 < 0- 

Proof. Let U := {(0, TO2, • ■ • , m*) e N* | < < dj-i/d, - 1, i = 2, . . . , t}, 
It := (0, U2, . . . , Mt) G [/, and v := (0, U2, . . . , Wt) G [/ with u ^ v. First, we 
prove ^(u) ^ 4'(v) mod oi. Suppose that there exists an integer w such that 
^{u) — 'ii{v) = wfli. Let p be the positive integer such that Up ^ Wp, Up+i = 
Vp+i, ■ ■ . ,Uf — vt- Without loss of generality, we assume Up > Vp. Then, we 
have {up — Vp)ap = wai — J2k=2i'^k — Vkjau and Q < Up — Vp < dp-i/dp, which is 
contradiction. Hence, we obtain ^(u) ^ ^'(w) mod oi. Since At is telescopic, for 
any u = (0, U2, • ■ • , ut) G N*, there exists u' ^ U such that ^'(w) = mod 
oi. Since > ^'(u') and '^U ai, we have {^{u) \ u e U} = {bo, 6ai-i}, 
where bi := min{6 G + • • • + atN \ b = i mod ai}. Finally, we prove u G 
B{At) for any u eU. Take u eU, then there exists w" = (u", . . . , w") G B{At) 
such that = \l/(u"). Since At is telescopic, we have < < dj-i/dj for 

2 < j < t. Since m" = from the definition of bi, we obtain it" G U. Hence, we 
obtain u = u" G B{At). From Lemma C.l (i), we obtain (i). From Lemma C.l 

(iii) (iv) and the definition of V{At), we obtain (ii). 

□ 

Proof of Proposition 2.3. From Lemma C.2 (ii) and Lemma C.3 (ii), the 
condition ^ is met. From Lemma C.l (ii) and Lemma C.3 (i), we obtain 
Proposition 2.3 (i). From Lemma C.3 (ii), we obtain Proposition 2.3 (ii). From 
Proposition 2.1 (i) and Proposition 2.2 (i), the gap values at oo are N\(At). 
Hence, from [16] Theorem 5, we obtain Proposition 2.3 (iii). 

□ 
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